Les méthodes numériques de transport réactif by Sabit, Souhila
Les me´thodes nume´riques de transport re´actif
Souhila Sabit
To cite this version:
Souhila Sabit. Les me´thodes nume´riques de transport re´actif. Analyse nume´rique [cs.NA].
Universite´ Rennes 1, 2014. Franc¸ais. <NNT : 2014REN1S006>. <tel-01057870>
HAL Id: tel-01057870
https://tel.archives-ouvertes.fr/tel-01057870
Submitted on 25 Aug 2014
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
No d’ordre : ANNÉE 2014
THÈSE / UNIVERSITÉ DE RENNES 1
sous le sceau de l’Université Européenne de Bretagne
pour le grade de
DOCTEUR DE L’UNIVERSITÉ DE RENNES 1




préparée à l’unité de recherche INRIA Rennes Bretagne Atlantique





Thèse soutenue à Rennes
le 27 mai 2014
devant le jury composé de :
Damien TROMEUR-DERVOUT
PROFESSEUR, UNIVERSITÉ DE LYON
✴ Rapporteur
Carole ROSIER










DIRECTRICE DE RECHERCHE INRIA RENNES
✴ Directrice de thèse
Édouard Canot
CHARGÉ DE RECHERCHE CNRS, IRISA RENNES
✴ Co-directeur de thèse

❘❡♠❡#❝✐❡♠❡♥'(
❏❡ "✐❡♥% & '❡♠❡'❝✐❡' ❧❡% '❡%♣♦♥%❛❜❧❡% ❞❡ ❧✬❆♥❞'❛ ❡" ❧❡% '❡%♣♦♥%❛❜❧❡% ❞❡ ❝❡♥"'❡ ❞❡
'❡❝❤❡'❝❤❡ ■◆❘■❆ ♣♦✉' ❧✬♦♣♣♦'"✉♥✐"7 ❞❡ ♣'7♣❛'❡' ♠❛ "❤8%❡ ❡" ✜♥✐' ♠❡% "'❛✈❛✉①✳
❏❡ '❡♠❡'❝✐❡ 7❣❛❧❡♠❡♥" ▼❛❞❛♠❡ ❏♦❝❡❧②♥❡ ❊'❤❡❧ ♣♦✉' ❧✬❛✐❞❡ ❡" ❧❡% ❝♦♥%❡✐❧% ❝♦♥❝❡'♥❛♥"
❧❡% ♠✐%%✐♦♥% 7✈♦A✉7❡% ❞❛♥% ❝❡""❡ "❤8%❡✳
❏❡ '❡♠❡'❝✐❡ ✈✐✈❡♠❡♥" ▼♦♥%✐❡✉' ➱❞♦✉❛'❞ ❈❛♥♦" A✉✐ ♠✬❛ ❛✐❞7 ❡" ♠✬❛ ♦'✐❡♥"7 ♣❡♥❞❛♥"
❝❡% ❛♥♥7❡%✱ ♣♦✉' %❡% ♣'7❝✐❡✉① ❝♦♥%❡✐❧%✳
❏❡ '❡♠❡'❝✐❡ ❆❧❡①❛♥❞❡' ❊'♥✱ E'♦❢❡%%❡✉' & ❧✬➱❝♦❧❡ ❞❡% E♦♥"% E❛'✐%❚❡❝❤ ♣♦✉' ❛✈♦✐'
♣'7%✐❞7 ❧❡ ❥✉'② ❞❡ ♠❛ %♦✉"❡♥❛♥❝❡✳
❏❡ "✐❡♥% & '❡♠❡'❝✐❡' 7❣❛❧❡♠❡♥" ❉❛♠✐❡♥ ❚'♦♠❡✉'✲❉❡'✈♦✉"✱ E'♦❢❡%%❡✉' & ❧✬✉♥✐✈❡'%✐"7 ❞❡
▲②♦♥ ❡" ❈❛'♦❧❡ ❘♦%✐❡'✱ E'♦❢❡%%❡✉' & ❧✬✉♥✐✈❡'%✐"7 ❞✉ ▲✐""♦'❛❧ ❈L"❡ ❞✬❖♣❛❧❡ ❞✬❛✈♦✐'
❛❝❝❡♣"7 ❞✬N"'❡ ❧❡% '❛♣♣♦'"❡✉'% ❡" ▼♦♥%✐❡✉' ❇❡♥♦✐" ❈♦❝❤❡♣✐♥✱ ■♥❣7♥✐❡✉' & ❧✬❆♥❞'❛✳
❏❡ ♥✬♦✉❜❧✐❡ ♣❛% ❞❡ '❡♠❡'❝✐❡' ❜❡❛✉❝♦✉♣ ◆❛❞✐' ❙♦✉❛❧❡♠✱ ■♥❣7♥✐❡✉' ♣❡♥❞❛♥" ❞❡✉① ❛♥♥7❡%
❛✉ %❡✐♥ ❞❡ ♥♦"'❡ 7A✉✐♣❡ ❡" A✉✐ ♠✬❛ ❛✐❞7 ♣❡♥❞❛♥" ♠❛ ♣'❡♠✐8'❡ ❛♥♥7❡✳
❏❡ '❡♠❡'❝✐❡ "♦✉"❡ ♠❛ ❢❛♠✐❧❧❡ A✉✐ ♠✬❛ ❜❡❛✉❝♦✉♣ %♦✉"❡♥✉✳
❏❡ '❡♠❡'❝✐❡ ❝❤❛❧❡✉'❡✉%❡♠❡♥" "♦✉% ♠❡% ❛♠✐% A✉✐ ♠✬♦♥" ❛✐❞7 & ♣❛%%❡' ❝❡% ❛♥♥7❡% ❞❡
"❤8%❡✳





❚❛❜❧❡ ❞❡( ♠❛'✐/#❡( ✸
■♥'#♦❞✉❝'✐♦♥ ✼
✶ ▼♦❞/❧❡ ❞❡ ❝❤✐♠✐❡ ✶✶
✶✳✶ ❘#❛❝&✐♦♥* ❝❤✐♠✐-✉❡* ❡& ❡*♣1❝❡* ❝❤✐♠✐-✉❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✶✳✶✳✶ ▼♦❧❛❧✐&# ❞✬✉♥❡ ❡*♣1❝❡✱ ❝♦♥❝❡♥&7❛&✐♦♥ ❡& ❛❝&✐✈✐&# ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✶✳✷ ❈♦♠♣♦*❛♥&* ❡& ❡*♣1❝❡* *❡❝♦♥❞❛✐7❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✶✳✷ ❘#❛❝&✐♦♥* ❛-✉❡✉*❡* ❡& *✉7❢❛❝✐-✉❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✷✳✶ ▲♦✐* ❞✬❛❝&✐♦♥ ❞❡ ♠❛**❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✷✳✷ ❚❛❜❧❡❛✉ ❞❡ ▼♦7❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✸ ❘#❛❝&✐♦♥* ❞❡ ♣7#❝✐♣✐&❛&✐♦♥✲❞✐**♦❧✉&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✸✳✶ ▼♦❞1❧❡ *✐♠♣❧✐✜# ❞❡ ♣7#❝✐♣✐&❛&✐♦♥✲❞✐**♦❧✉&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✸✳✷ ▼♦❞1❧❡ ❣#♥#7❛❧ ❞❡ ♣7#❝✐♣✐&❛&✐♦♥✲❞✐**♦❧✉&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✶✳✹ ▲♦✐* ❞❡ ❝♦♥*❡7✈❛&✐♦♥ ❞❡ ❧❛ ♠❛**❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✶✳✹✳✶ ❙②*&1♠❡ ❝❤✐♠✐-✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✶✳✺ ❏❛❝♦❜✐❡♥ ❞✉ *②*&1♠❡ ❝❤✐♠✐-✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✶✳✺✳✶ ❈♦♠♣♦*❛♥& ❞❡ &②♣❡ &7❛❝❡✉7 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✶✳✻ ❱❛7✐❛❜❧❡* ❧♦❣❛7✐&❤♠✐-✉❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✻✳✶ ❙②*&1♠❡ ❝❤✐♠✐-✉❡ ❛✈❡❝ ❧♦❣❛7✐&❤♠❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✻✳✷ ❏❛❝♦❜✐❡♥ ❞✉ ♠♦❞1❧❡ *✐♠♣❧✐✜# ❛✈❡❝ ❧♦❣❛7✐&❤♠❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✻✳✸ ❈♦♠♣♦*❛♥& ❞❡ &②♣❡ &7❛❝❡✉7 ❛✈❡❝ ❧♦❣❛7✐&❤♠❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✶✳✻✳✹ ❈♦♠♣♦*❛♥& ♣7♦❝❤❡ ❞❡ ✵ ❛✈❡❝ ❧♦❣❛7✐&❤♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✶✳✼ ▲❛ ♥❡✉&7❛❧✐&# #❧❡❝&7✐-✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✶✳✽ ❈♦♥❝❧✉*✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✷ ❚#❛♥(♣♦#' #9❛❝'✐❢ ✷✼
✷✳✶ ▼♦❞1❧❡ ❞❡ &7❛♥*♣♦7& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✷✳✶✳✶ ▲♦✐ ❞❡ ❉❛7❝② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✷✳✶✳✷ ▲✬#❝♦✉❧❡♠❡♥& ✭#-✉❛&✐♦♥ ❞❡ &②♣❡ ❞✐✛✉*✐♦♥✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✷✳✶✳✸ ▲✬❛❞✈❡❝&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✷✳✶✳✹ ▲❛ ❞✐*♣❡7*✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✸
✹ ❚❛❜❧❡ ❞❡& ♠❛(✐*+❡&
✷✳✶✳✺ ▲✬'(✉❛+✐♦♥ ❞✬❛❞✈❡❝+✐♦♥✲❞✐4♣❡64✐♦♥✲6'❛❝+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✷✳✷ ❈♦✉♣❧❛❣❡ ❡♥+6❡ ❝❤✐♠✐❡ ❡+ +6❛♥4♣♦6+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✷✳✸ ▼'+❤♦❞❡4 ◆✉♠'6✐(✉❡4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✸✳✶ ❉✐4❝6'+✐4❛+✐♦♥ 4♣❛+✐❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✸✳✷ ▲❛ ♠'+❤♦❞❡ 4'(✉❡♥+✐❡❧❧❡ ♥♦♥ ✐+'6❛+✐✈❡ ❙◆■❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✷✳✸✳✸ ▲❛ ♠'+❤♦❞❡ ❣❧♦❜❛❧❡ ❛✈❡❝ ❛♣♣6♦❝❤❡ ❉❆❊ ✭●❉❆❊✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✷✳✹ ❘'❞✉❝+✐♦♥ ❞✉ 4②4+K♠❡ ❧✐♥'❛✐6❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✷✳✺ ❘'❞✉❝+✐♦♥ ❞✉ 4②4+K♠❡ ♥♦♥ ❧✐♥'❛✐6❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✺✳✶ ❘'❞✉❝+✐♦♥ ❞✉ 4②4+K♠❡ ❞✐✛'6❡♥+✐❡❧ ❛✈❡❝ ❧✬'❧✐♠✐♥❛+✐♦♥ ❞❡ C ✳ ✳ ✳ ✳ ✸✻
✷✳✺✳✷ ❘'❞✉❝+✐♦♥ ❞✉ 4②4+K♠❡ ♥♦♥ ❧✐♥'❛✐6❡ ❛✈❡❝ ❧✬'❧✐♠✐♥❛+✐♦♥ ❞❡ T ✳ ✳ ✳ ✳ ✸✼
✷✳✻ ❈♦♥❝❧✉4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✸ ❙✉✐$❡ ▲♦❣✐❝✐❡❧❧❡ ●❘❚✸❉ ✭●❧♦❜❛❧ ❘❡❛❝$✐✈❡ ❚3❛♥5♣♦3$ ✸❉✮ ✸✾
✸✳✶ ■♥+6♦❞✉❝+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✸✳✷ ❉❡4❝6✐♣+✐♦♥ ❞❡ ●❘❚✸❉ ✈❡64✐♦♥ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✸✳✷✳✶ ❈♦♠♣♦4❛♥+4 ❧♦❣✐❝✐❡❧4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✸✳✷✳✷ ❙■❆✶❉ ✭4'(✉❡♥+✐❡❧❧❡ ✐+'6❛+✐✈❡ ❡♥ ✶❉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✸✳✷✳✸ ●❉❆❊✶❉ ✭'(✉❛+✐♦♥4 ❆❧❣'❜6♦✲❞✐✛'6❡♥+✐❡❧❧❡4✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✸✳✷✳✹ ●❉❆❊✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✸✳✸ ❘❡❢❛❝+♦6✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✸✳✸✳✶ ❉✐✣❝✉❧+'4 6❡♥❝♦♥+6'❡4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✸✳✸✳✷ ❘❡4+6✉❝+✉6❛+✐♦♥ 4♦✉4 ❢♦6♠❡ ❞❡ ❜✐❜❧✐♦+❤K(✉❡4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✸✳✸✳✷✳✶ 4✉♥❞✐❛❧4❴4♣❛64❡❴❝♦❧✉♠♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✸✳✸✳✷✳✷ 4✉♥❞✐❛❧4❴4♣❛64❡❴6♦✇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✸✳✸✳✷✳✸ ▼❖❉❋▲❖❲✲✾✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✸✳✸✳✷✳✹ ▼❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✸✳✸✳✸ ▼♦❞✐✜❝❛+✐♦♥4 ❞❡4 ♣♦✐♥+4 ❞✬❡♥+6'❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✸✳✸✳✸✳✶ ❙■❆✶❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✸✳✸✳✸✳✷ ●❉❆❊✶❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✸✳✸✳✸✳✸ ●❉❆❊✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✸✳✹ ❉❡4❝6✐♣+✐♦♥ ✈❡64✐♦♥ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✸✳✹✳✶ ●❘❚✸❉❘▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✸✳✹✳✷ ●❘❚✸❉❘❙▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✸✳✹✳✸ ❙◆■❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✹✳✹ ●❘❚✸❉❘❙▲❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✺ ❚❡4+4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✸✳✺✳✶ ❛(✉❡✉①✲❛❞✈ ✭✶❉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✸✳✺✳✷ ❡①✶✶✲❛❞✈ ✭✶❉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✸✳✺✳✸ ❇❡♥❝❤♠❛6❦✲❛❞✈ ✭✶❉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✸✳✺✳✹ ❇❡♥❝❤♠❛6❦✲❞✐4♣ ✭✶❉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✸✳✻ ❈♦♥❝❧✉4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
❚❛❜❧❡ ❞❡& ♠❛(✐*+❡& ✺
✹ ❈❛# $❡#$ ❆♥❞)❛ ✷❉ ✺✾
✹✳✶ ❉❡&❝(✐♣+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✹✳✶✳✶ ▲❡& ❝♦♥❞✐+✐♦♥& ✐♥✐+✐❛❧❡& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✹✳✷ ▲❛ &♦❧✉+✐♦♥ ❛♥❛❧②+✐7✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✹✳✸ ❈♦♠♣❛(❛✐&♦♥ ❞❡& +(♦✐& ✈❡(&✐♦♥& ❞❡ ●❘❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✹✳✸✳✶ ?(@❝✐&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✹✳✸✳✷ ❚❡♠♣& ❞❡ ❝❛❧❝✉❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✹✳✹ ▲❛ &♦❧✉+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
✹✳✺ ❈♦♠♣❛(❛✐&♦♥ ❡♥+(❡ ●❘❚✸❉❘❙▲ ❡+ ❙◆■❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✹✳✻ ❈♦♥❝❧✉&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✺ ❈❛# $❡#$ ❇❡♥❝❤♠❛)❦ ✷❉ ✼✺
✺✳✶ ❉❡&❝(✐♣+✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✺✳✶✳✶ ▲❡& ❝❛(❛❝+@(✐&+✐7✉❡& ♣❤②&✐7✉❡& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✺✳✶✳✷ ▲❡ &②&+H♠❡ ❝❤✐♠✐7✉❡ ❞✉ ❝❛& +❡&+ ❇❡♥❝❤♠❛(❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✺✳✶✳✸ ▲❡& ❝♦♥❞✐+✐♦♥& ✐♥✐+✐❛❧❡& ❡+ ❧❡& ❝♦♥❞✐+✐♦♥& ❛✉① ❧✐♠✐+❡& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✺✳✷ ❊①♣@(✐❡♥❝❡& ♥✉♠@(✐7✉❡& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✺✳✸ ❈♦♠♣❛(❛✐&♦♥ ❞❡& +(♦✐& ✈❡(&✐♦♥& ❞❡ ●❘❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✺✳✹ ❘@&✉❧+❛+& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✺✳✺ ❆♥❛❧②&❡ ❞✉ +❡♠♣& ❞❡ ❝❛❧❝✉❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✺✳✺✳✶ ❚❡♠♣& +♦+❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✺✳✺✳✷ ❚❡♠♣& ❞❡ ❝❛❧❝✉❧ ❝✉♠✉❧@ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
✺✳✻ ❆♥❛❧②&❡ ❞✉ ❝♦♥❞✐+✐♦♥♥❡♠❡♥+ ❞❡ ❧❛ ❏❛❝♦❜✐❡♥♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
✺✳✼ ❆♥❛❧②&❡ ❞❡& &♦(+✐❡& ❞❡ ❙✉♥❞✐❛❧& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵
✺✳✼✳✶ ◆♦♠❜(❡ ❞❡ ♣❛& ❞❡ +❡♠♣& ✐♥+❡(♥❡& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵
✺✳✼✳✷ ◆♦♠❜(❡ ❞✬@❝❤❡❝& ❞✉ +❡&+ ❞✬❡((❡✉( ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✺✳✼✳✸ ◆♦♠❜(❡ ❞✬@❝❤❡❝& ❞❡ ❧❛ ❏❛❝♦❜✐❡♥♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹
✺✳✽ ❆♥❛❧②&❡ ❞❡& @+❛♣❡& ❧✐♥@❛✐(❡& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺
✺✳✽✳✶ ◆♦♠❜(❡ ❞❡ (@&♦❧✉+✐♦♥& ❡+ ❞❡ ❢❛❝+♦(✐&❛+✐♦♥& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺
✺✳✽✳✷ ❚❡♠♣& ❞❡ ❝❛❧❝✉❧ ❞❡& (@&♦❧✉+✐♦♥& ❡+ ❢❛❝+♦(✐&❛+✐♦♥& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
✺✳✽✳✸ ?♦✉(❝❡♥+❛❣❡& ❞❡& +❡♠♣& ❞❡ ❝❛❧❝✉❧ ❞❡& @+❛♣❡& ❧✐♥@❛✐(❡& ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
✺✳✾ ❈♦♥❝❧✉&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
❆♥♥❡①❡# ✶✵✺
❆ ■♥&+❛❧❧❛+✐♦♥ ❞❡ ●❘❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
❆✳✶ ❈♦♥+(S❧❡ ❞❡ ✈❡(&✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
❆✳✷ ❱❛(✐❛❜❧❡& ❞✬❡♥✈✐(♦♥♥❡♠❡♥+ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
❆✳✸ ❙✉♥❞✐❛❧&✲✷✳✸✳✵ ❬✶❪ ❡+ ❙✉✐+❡&♣❛(&❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
❆✳✹ ❙✉♥❞✐❛❧&❴&♣❛(&❡✲✷✳✸✳✵ ❡+ ❙✉♥❞✐❛❧&❴&♣❛(&❡❴(❡❞✉❝+✐♦♥✲✷✳✸✳✵ ✳ ✳ ✳ ✳ ✶✵✺
❆✳✺ ?●?▲❖❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
❆✳✻ ❙■❆✶❉✱ ●❉❆❊✶❉✱ ●❉❆❊✸❉✱ ●❘❚✸❉❘▲✱ ●❘❚✸❉❘❙▲ ✳✳✳ ✳ ✳ ✳ ✳ ✶✵✻
❆✳✼ ▼❖❉❋▲❖❲✲✾✻ ❡+ ▼❚✸❉✲✺✳✷✳✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
❇ ▲❡& ✜❝❤✐❡(& ❞✬❡♥+(@❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
❇✳✶ ❋✐❝❤✐❡(& ❞✬❡♥+(@❡ ❞❡ ●❘❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
✻ ❚❛❜❧❡ ❞❡& ♠❛(✐*+❡&
❇✳✷ ❋✐❝❤✐❡)* ❞✬❡♥.)/❡ ❞❡ ▼❖❉❋▲❖❲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾
❇✳✸ ❋✐❝❤✐❡)* ❞✬❡♥.)/❡ ❞❡ ▼❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
❈ ❊①/❝✉.✐♦♥ ✭❡♥ ❧✐❣♥❡ ❞❡ ❝♦♠♠❛♥❞❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
❈✳✶ ❊①/❝✉.✐♦♥ ❞❡ ▼❖❉❋▲❖❲ ❡. ▼❚✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
❈✳✷ ❊①/❝✉.✐♦♥ ❞❡ ❙■❆✶❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
❈✳✸ ❊①/❝✉.✐♦♥ ❞❡ ●❉❆❊✶❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾
❈✳✹ ❊①/❝✉.✐♦♥ ❞❡ ●❉❆❊✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾
❉ ❋✐❝❤✐❡)* ❞❡ *♦).✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
❇✐❜❧✐♦❣&❛♣❤✐❡ ✶✷✽
❚❛❜❧❡ ❞❡0 ✜❣✉&❡0 ✶✷✾
■♥"#♦❞✉❝"✐♦♥
▲✬❡❛✉ ❡%& ✉♥ (❧(♠❡♥& &+,% ✐♠♣♦+&❛♥& ❞❛♥% ❧❛ ✈✐❡ ❞❡% ❤✉♠❛✐♥%✱ ❞❡% ❛♥✐♠❛✉① ❡& ❞❡%
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▲❛ ✈✐)❡##❡ ❞✬✉♥❡ *.❛❝)✐♦♥ #❡ ❞.✜♥✐) ❝♦♠♠❡ .)❛♥) ❧❛ ✈❛*✐❛)✐♦♥ ❞❡ ❧❛ ❝♦♥❝❡♥)*❛)✐♦♥ ❞✬✉♥
*.❛❝)✐❢ ♦✉ ❞✬✉♥ ♣*♦❞✉✐) ♣❛* ✉♥✐). ❞❡ )❡♠♣#✳
➚ ♣❛*)✐* ❞❡ ❧❛ ✈✐)❡##❡ ❞❡ ❧❛ *.❛❝)✐♦♥ ❝❤✐♠✐3✉❡✱ ♦♥ ❞.✜♥✐) ❞❡✉① ❣*❛♥❞❡# ❢❛♠✐❧❧❡# ❞❡
*.❛❝)✐♦♥# ❬✹✻✱ ✺✱ ✸✻❪ ✿
✶✳ ▲✬❛♣♣*♦❝❤❡ Y ❧✬.3✉✐❧✐❜*❡ ✿ ✉♥ #②#)1♠❡ ❡#) ❞✐) Y ❧✬.3✉✐❧✐❜*❡ #✐ ❧❡# ✈❛*✐❛❜❧❡# ❞✬.)❛)
✭❚❡♠♣.*❛)✉*❡✱ ❧✬❛❝)✐✈✐). ❝❤✐♠✐3✉❡✱ ❧❛ ✈✐)❡##❡ ❞❡ ❧❛ *.❛❝)✐♦♥ ✳✳✳✮ ♦♥) ♠P♠❡ ✈❛❧❡✉*
❡♥ )♦✉) ♣♦✐♥) ❞✉ #②#)1♠❡ ❡) ❞❡ ❢❛Z♦♥ ❝♦♥#)❛♥)❡ ❞❛♥# ❧❡ )❡♠♣#✳
✶✶
✶✷ ❝❤❛♣✐%&❡ ✶
✷✳ ▲✬❛♣♣'♦❝❤❡ ❝✐♥./✐0✉❡ ✿ ❧❛ ✈✐/❡55❡ ❞❡ ❧❛ '.❛❝/✐♦♥ ❡5/ ✈❛'✐.❡ ❛✉ ❝♦✉'5 ❞✉ /❡♠♣5✳
❉❡✉① ♠♦❞:❧❡5 ❡①♣'✐♠❡♥/ ❧❡5 '.❛❝/✐♦♥5 ❝❤✐♠✐0✉❡5 ; ❧✬.0✉✐❧✐❜'❡ ♦✉ ❧❡5 '.❛❝/✐♦♥5 ❝❤✐♠✐0✉❡5
❝✐♥./✐0✉❡5❬✺✱ ✹✺❪ ✿
✖ ▲❡ ♠♦❞:❧❡ ❣.♥.'. ♣❛' ❧✬✉/✐❧✐5❛/✐♦♥ ❞❡5 ❧♦✐5 ❞✬❛❝/✐♦♥ ❞❡ ♠❛55❡✱ 0✉✐ ❡5/ /':5 ✉/✐❧✐5.
❬✷✸✱ ✶✹✱ ✸✼✱ ✶✼✱ ✶✽❪ ✳✳✳
✖ ▲❡ ♠♦❞:❧❡ ❜❛5. 5✉' ❧❛ ♠✐♥✐♠✐5❛/✐♦♥ ❞❡ ❧✬❡♥/❤❛❧♣✐❡ ❧✐❜'❡ ❬✹✸✱ ✷✹✱ ✶✺❪✳
✶✳✶✳✶ ▼♦❧❛❧✐'( ❞✬✉♥❡ ❡.♣0❝❡✱ ❝♦♥❝❡♥'3❛'✐♦♥ ❡' ❛❝'✐✈✐'(
▲❛ ♠♦❧❛❧✐'( ❞✬✉♥ ❡.♣0❝❡
▲❛ ♠♦❧❛❧✐/. ❞✬✉♥ 5♦❧✉/. ❡5/ ❧❛ 0✉❛♥/✐/. ❞❡ 5♦❧✉/. ✭❡♥ ♠♦❧❡5✮ ❞❛♥5 ✉♥❡ 5♦❧✉/✐♦♥ ❞✐✈✐5.❡
♣❛' ❧❛ ♠❛55❡ ❞✉ 5♦❧✈❛♥/ ✭❡♥ ❦✐❧♦❣'❛♠♠❡✮ ✿
mi =
0✉❛♥/✐/. ❞❡ 5♦❧✉/. ✭♠♦❧❡✮
♠❛55❡ ❞❡ 5♦❧✈❛♥/ ✭❦❣✮
▲❡. ❝♦♥❝❡♥'3❛'✐♦♥.
▲❛ ❝♦♥❝❡♥/'❛/✐♦♥ ♠♦❧❛✐'❡ ♦✉ ❧❛ ♠♦❧❛'✐/. ❡5/ ❧❡ ♥♦♠❜'❡ ❞❡ ♠♦❧❡5 ❞❡ 5♦❧✉/. ♣❛' ❧✐/'❡
❞❡ 5♦❧✉/✐♦♥
ci =
0✉❛♥/✐/. ❞❡ 5♦❧✉/. ✭♠♦❧❡✮
✈♦❧✉♠❡ ❞❡ ❧❛ 5♦❧✉/✐♦♥ ✭▲✮
J✉✐50✉❡ ❧❡5 ❝♦♥❝❡♥/'❛/✐♦♥5 5♦♥/ ❞❡5 ✈❛❧❡✉'5 ♣❡/✐/❡5 ❡/ 0✉❡ ❧❡ 5♦❧✈❛♥/ ❡5/ ❧✬❡❛✉ ✭❧❛ ♠❛55❡
❞✬✉♥ ✶ ❧✐/'❡ ❞✬❡❛✉ ✈❛✉/ ♣'❡50✉❡ ✶ ❦❣✮✱ ❛❧♦'5 ♥✉♠.'✐0✉❡♠❡♥/ ❧❛ ❝♦♥❝❡♥/'❛/✐♦♥ ❞✬✉♥❡ ❡5✲
♣:❝❡ ❡♥ 5♦❧✉/✐♦♥ ❡5/ .❣❛❧❡ ; 5❛ ♠♦❧❛❧✐/.✱ ♠❛✐5 ❝❡5 ❞❡✉① ❣'❛♥❞❡✉'5 ♥✬♦♥/ ♣❛5 ❧❛ ♠L♠❡5
❞✐♠❡♥5✐♦♥5✳
▲✬❛❝'✐✈✐'(
▲✬❛❝/✐✈✐/. ❝❤✐♠✐0✉❡ ❞✬✉♥❡ ❡5♣:❝❡ ❝❤✐♠✐0✉❡ ❝♦''❡5♣♦♥❞ ; ❧❛ ❝♦♥❝❡♥/'❛/✐♦♥ ❛❝/✐✈❡ ❞❡
❝❡//❡ ❡5♣:❝❡ ❡/ ❡❧❧❡ ❞.♣❡♥❞ ❞✉ /②♣❡ ❞❡ ❝❡//❡ ❡5♣:❝❡✳
▲✬❛❝$✐✈✐$' ❞✬✉♥❡ ❡,♣.❝❡ ❛/✉❡✉,❡
▲✬❛❝/✐✈✐/. ❞✬✉♥❡ ❡5♣:❝❡ ❛0✉❡✉5❡ ❡5/ ❧✐.❡ ; 5❛ ♠♦❧❛❧✐/. mi
ai = γi ∗ mi
m0i
♦N γi ❡5/ ❧❡ ❝♦❡✣❝✐❡♥/ ❞✬❛❝/✐✈✐/. ✭5❛♥5 ❞✐♠❡♥5✐♦♥✮ ❡/ m
0
i ❡5/ ❧❛ ♠♦❧❛❧✐/. ❞❡ '.❢.'❡♥❝❡
✭.❣❛❧❡ ; ✶ ♠♦❧✴❦❣ H2O✮✳ ❙✐ ▲❡5 ❝♦♥❝❡♥/'❛/✐♦♥5 5♦♥/ ♣❡/✐/❡5✱ ♦♥ ♣❡✉/ 5✉♣♣♦5❡' 0✉❡ ❧❡
❝♦❡✣❝✐❡♥/ ❞✬❛❝/✐✈✐/. γi ✈❛✉/ ✶✳ J♦✉' ❧❡5 ♠✐❧✐❡✉① ♣❧✉5 ❝♦♥❝❡♥/'.5✱ ♦♥ ♣❡✉/ ❛♣♣'♦❝❤❡' γi
♣❛' ❧❛ ❧♦✐ ❞❡ ❉❡❜②❡✲❍T❝❦❡❧ ❬✻❪ ✿








❘!❛❝$✐♦♥( ❝❤✐♠✐+✉❡( ❡$ ❡(♣/❝❡( ❝❤✐♠✐+✉❡( ✶✸
♦# zi ❡%& ❧❛ ❝❤❛+❣❡ -❧❡❝&+✐/✉❡✱ ❆ ❡& ❇ %♦♥& ❞❡% ❝♦❡✣❝✐❡♥&% ❞-♣❡♥❞❛♥& ❞❡ ❧❛ &❡♠♣-+❛&✉+❡







■❧ ② ❛ ❛✉%%✐ ❧✬-/✉❛&✐♦♥ ❞❡ ❉❛✈✐❡% ❬✶✵❪✱ ❧❡ ♠♦❞E❧❡ ❞❡ ❇✲❉♦& ❬✸✸❪ ❡& ❞✬❛✉&+❡% ❛♣♣+♦❝❤❡%
❬✹✹✱ ✸✹❪✳
▲✬❛❝$✐✈✐$' ❞✬✉♥❡ ❡,♣.❝❡ ✜①'❡
H♦✉+ ❧❡% ❡%♣E❝❡% ✜①-❡%✱ ✐❧ ♥✬② ❛ ♣❛% ✉♥ ♠♦❞E❧❡ ✉♥✐❢♦+♠❡ ♣♦✉+ ❝❛❧❝✉❧❡+ ❧✬❛❝&✐✈✐&- ❡&
❞✐✛-+❡♥&% ♠♦❞E❧❡% ♣❡✉✈❡♥& K&+❡ ✉&✐❧✐%-% ❬✺❪✳
▲✬❛❝$✐✈✐$' ❞✬✉♥❡ ❡,♣.❝❡ ♣1'❝✐♣✐$'❡
▲✬❛❝&✐✈✐&- ❡%& &♦✉❥♦✉+% -❣❛❧❡ O ✶✳
▲✬❛❝$✐✈✐$' ❞❡ ❧✬❡❛✉
▲✬❛❝&✐✈✐&- ❞❡ ❧✬❡❛✉ ✈❛✉& ♣+❡%/✉❡ ✶ ♣♦✉+ ❧❡% %♦❧✉&✐♦♥% ❞✐❧✉-❡% ❡& ❞❛♥% ❧❡% ❛✉&+❡% ❝❛%✱
❡❧❧❡ ❡%& ❛♣♣+♦❝❤-❡ ♣❛+ ❡①❡♠♣❧❡ ♣❛+ ❧❛ ❧♦✐ ❞❡ ❘❛♦✉❧&





♦# Waq ❡%& ❧❛ ♠❛%%❡ ❞❡ %♦❧✈❛♥& ❞❛♥% ❧❛ %♦❧✉&✐♦♥ ❛/✉❡✉%❡✱ Naq ❡%& ❧❡ ♥♦♠❜+❡ ❞✬❡%♣E❝❡
❛/✉❡✉%❡ ❞❛♥% ❧❡ %②%&E♠❡✳
✶✳✶✳✷ ❈♦♠♣♦'❛♥*' ❡* ❡'♣,❝❡' '❡❝♦♥❞❛✐0❡'
❉❛♥% ❧❡ %②%&E♠❡ ❝❤✐♠✐/✉❡✱ ♥♦✉% ❛✈♦♥% ✉♥ ❣+❛♥❞ ♥♦♠❜+❡ ❞✬✐♥❝♦♥♥✉❡%✳ H♦✉+ ❝❡❧❛✱ ♥♦✉%
✉&✐❧✐%♦♥% ❝❡+&❛✐♥% ❝+✐&E+❡% ❡& ❞❡% ❤②♣♦&❤E%❡% ♣♦✉+ +-❞✉✐+❡ ❧❛ &❛✐❧❧❡ ❞✉ %②%&E♠❡✳
❖♥ %✉♣♣♦%❡ /✉❡ ❧❡% +-❛❝&✐♦♥% ❝❤✐♠✐/✉❡% %♦♥& ✐♥❞-♣❡♥❞❛♥&❡%✳ ▼K♠❡ ❞❛♥% ❧❡ ❝❛% ❝♦♥&+❛✐+❡✱
♦♥ ♣❡✉& +-❞✉✐+❡ ❧❡ %②%&E♠❡ ❥✉%/✉✬O &+♦✉✈❡+ ❧✬✐♥❞-♣❡♥❞❛♥❝❡ ❞❡ ❝❡% +-❛❝&✐♦♥%✳ ❈❡&&❡ ❤②♣♦✲
&❤E%❡ ❡& ❧❡% ❧♦✐% ❞✬❛❝&✐♦♥% ❞❡ ♠❛%%❡ ♣❡+♠❡&&❡♥& ❞✬❡①♣+✐♠❡+ ❝❡+&❛✐♥❡% ✐♥❝♦♥♥✉❡%✱ /✉❡ ❧✬♦♥
♥♦♠♠❡ ❡%♣E❝❡% %❡❝♦♥❞❛✐+❡%✱ ❡♥ ❢♦♥❝&✐♦♥ ❞❡% ❛✉&+❡% ✐♥❝♦♥♥✉❡%✱ /✉❡ ❧✬♦♥ ♥♦♠♠❡ ❝♦♠♣♦✲
%❛♥&%✳
➚ ♣❛+&✐+ ❞❡ ❧✬❛❝&✐✈✐&- ❞❡ ❝❤❛/✉❡ ❡%♣E❝❡✱ ♦♥ ♣❡✉& ❝❤♦✐%✐+ ❧❡% ❡%♣E❝❡% ❛/✉❡✉%❡%✱ ❧❡% ❡%♣E❝❡%
✜①-❡% ❡& ❧❡% ❡%♣E❝❡% ♣+-❝✐♣✐&-❡%✳ H✉✐%/✉❡ ❧✬❛❝&✐✈✐&- ❞❡% ❡%♣E❝❡% ♣+-❝✐♣✐&-❡% ♥❡ ❞-♣❡♥❞
♣❛% ❞✉ ♥♦♠❜+❡ ❞❡ ♠♦❧❡% ❞✉ ♣+-❝✐♣✐&-✱ ♦♥ ♥❡ ♣❡✉& ♣❛% ❧✬❡①♣+✐♠❡+ ❡♥ ❢♦♥❝&✐♦♥ ❞✬❛✉&+❡%
✐♥❝♦♥♥✉❡%✳ ❉♦♥❝✱ ❧✬❡%♣E❝❡ ♣+-❝✐♣✐&-❡ +❡%&❡ ✐♥❝♦♥♥✉❡ ❞❛♥% ❧❡ %②%&E♠❡ +-❞✉✐&✳
❖♥ ♥♦&❡ +❡%♣❡❝&✐✈❡♠❡♥& c, s ❡& p ❧❡% ❝♦♥❝❡♥&+❛&✐♦♥% ❞❡% ❝♦♠♣♦%❛♥&% ❛/✉❡✉①✱ ✜①-% ❡& ❞❡%
❡%♣E❝❡% ♣+-❝✐♣✐&-❡%✳ H❛+ ❛✐❧❧❡✉+% ♦♥ ♥♦&❡ +❡%♣❡❝&✐✈❡♠❡♥& α ❡& β ❧❡% ❝♦♥❝❡♥&+❛&✐♦♥% ❞❡%
❡%♣E❝❡% %❡❝♦♥❞❛✐+❡% ❛/✉❡✉%❡% ❡& ✜①-❡%✳
✶✹ ❝❤❛♣✐%&❡ ✶
✶✳✷ ❘$❛❝'✐♦♥+ ❛,✉❡✉+❡+ ❡' +✉/❢❛❝✐,✉❡+
◆♦✉% ❛✈♦♥% )*✉❞✐) ❧❡% /)❛❝*✐♦♥% 1 ❧✬)3✉✐❧✐❜/❡ ❡* ✉*✐❧✐%) ❧❡% ❧♦✐% ❞✬❛❝*✐♦♥ ❞❡ ♠❛%%❡✱ ❞♦♥❝





i = Kr, r = 1, Nr ✭✶✳✷✮
♦@ ai ❡%* ❧✬❛❝*✐✈✐*) ❞❡ ❧✬❡%♣:❝❡ Ei✱ νr,i %♦♥* ❧❡% ❝♦❡✣❝✐❡♥*% %*B❝❤✐♦♠)*/✐3✉❡% ❡* Kr ❡%* ❧❛
❝♦♥%*❛♥*❡ ❞✬)3✉✐❧✐❜/❡ ❞❡ ❧❛ /)❛❝*✐♦♥ r✳
❉❛♥% ♥♦*/❡ )*✉❞❡✱ ❧❡% ❝♦♥❝❡♥*/❛*✐♦♥% ♦♥* ❞❡% ✈❛❧❡✉/% ♣❡*✐*❡% ❡* ❧❡ %♦❧✈❛♥* ❡%* ❧✬❡❛✉✳ ❉♦♥❝✱
♥♦✉% ❛✈♦♥% ai = ci✳
✶✳✷✳✶ ▲♦✐& ❞✬❛❝+✐♦♥ ❞❡ ♠❛&&❡
❖♥ %✉♣♣♦%❡ 3✉❡ ❧❡ %②%*:♠❡ ❝♦♥*✐❡♥* Nc ❝♦♠♣♦%❛♥*% ❛3✉❡✉①✱ Ns ❝♦♠♣♦%❛♥*% ✜①)%✱
Np ❡%♣:❝❡% ♣/)❝✐♣✐*)❡%✱ Nα /)❛❝*✐♦♥% ❛3✉❡✉%❡% ❡* Nβ /)❛❝*✐♦♥% %✉/❢❛❝✐3✉❡%✳
▲❡% ❧♦✐% ❞✬❛❝*✐♦♥ ❞❡ ♠❛%%❡ ❡* ❧❡% ♥♦*❛*✐♦♥% ♣/)❝)❞❡♥*❡% ♣❡/♠❡**❡♥* ❞❡ ❞)✜♥✐/ ❧❡ %②%*:♠❡







j , i = 1, Nα










j , i = 1, Nβ
✭✶✳✸✮
♦@ S ∈ ZNα×Nc ✱ A ∈ ZNβ×Nc ❡* B ∈ ZNβ×Ns %♦♥* ❧❡% ♠❛*/✐❝❡% ❞❡% ❝♦❡✣❝✐❡♥*% %*B❝❤✐♦✲
♠)*/✐3✉❡%✳ Kc ∈ RNα ❡* Ks ∈ RNβ %♦♥* ❧❡% ❝♦♥%*❛♥*❡% ❞❡% /)❛❝*✐♦♥%✳
✶✳✷✳✷ ❚❛❜❧❡❛✉ ❞❡ ▼♦4❡❧
❆✈❡❝ ❧❡% ❞)✜♥✐*✐♦♥% ❡* ❧❡% ♥♦*❛*✐♦♥% ♣/)❝)❞❡♥*❡%✱ ♦♥ ❞)✜♥✐* ❧❡ *❛❜❧❡❛✉ ❞❡ ▼♦/❡❧ ❬✷✽❪
%✉✐✈❛♥*✱ ❞❡ ❢❛P♦♥ ❝♦♥❞❡♥%)❡ ✭❡* ♠❛*/✐❝✐❡❧❧❡✮✱ 3✉✐ ❡①♣/✐♠❡ ❝❤❛3✉❡ ❡%♣:❝❡ αi ✭ ♦✉ βi✮ ❡♥






❚❛❜❧❡ ✶✳✶ ✕ ❚❛❜❧❡❛✉ ❞❡ ▼♦/❡❧
❘!❛❝$✐♦♥( ❞❡ ♣,!❝✐♣✐$❛$✐♦♥✲❞✐((♦❧✉$✐♦♥ ✶✺
✶✳✸ ❘$❛❝'✐♦♥+ ❞❡ ♣/$❝✐♣✐'❛'✐♦♥✲❞✐++♦❧✉'✐♦♥
❊♥ ❣%♥%&❛❧✱ ❞❛♥+ ✉♥ +②+./♠❡ &%❛❝.✐❢ ❛✈❡❝ ❞❡+ &%❛❝.✐♦♥+ ❞❡ ♣&%❝✐♣✐.❛.✐♦♥✲❞✐++♦❧✉.✐♦♥ 9
❧✬%;✉✐❧✐❜&❡✱ ♦♥ ❝✬❡+. ♣❛+ +✐ ❧❡+ ♠✐♥%&❛✉① +♦♥. ♣&%+❡♥.+ ♦✉ ♥♦♥ ❞❛♥+ ❧❡ +②+./♠❡✳ ▲❛ ♣&%+❡♥❝❡
❞✬✉♥ ♠✐♥%&❛❧ +✐❣♥✐✜❡ ;✉❡ ❧❡ ✢✉✐❞❡ ❡+. +❛.✉&% 9 ❧✬%;✉✐❧✐❜&❡✱ ❡. +✐ ❧❡ ✢✉✐❞❡ ❡+. +♦✉+✲+❛.✉&%✱
❧❡ ♠✐♥%&❛❧ ❝♦&&❡+♣♦♥❞❛♥. ❡+. ❝♦♠♣❧/.❡♠❡♥. ❞✐++♦✉+✳
❉❛♥+ ❧❡ ❝❛+ ♦C .♦✉+ ❧❡+ ♠✐♥%&❛✉① +♦♥. ♣&%+❡♥.+✱ ❧✬%;✉✐❧✐❜&❡ ♣❡✉. D.&❡ +✐♠♣❧❡♠❡♥. ❡①♣&✐♠%
❝♦♠♠❡ ✉♥ +②+./♠❡ ♥♦♥ ❧✐♥%❛✐&❡ ❞✬%;✉❛.✐♦♥+ ❛❧❣%❜&✐;✉❡+ ;✉✐ ❡+. &%+♦❧✉ ♣❛& ✉♥❡ ♠%.❤♦❞❡
❞❡ ◆❡✇.♦♥ +.❛♥❞❛&❞✳ ▼❛✐+ ❡♥ ♣&❛.✐;✉❡✱ ❝❡..❡ ❝♦♥♥❛✐++❛♥❝❡ ♥✬❡+. ♣❛+ ❞✐+♣♦♥✐❜❧❡✱ ❞♦♥❝
♦♥ ❛ ♣❧✉+✐❡✉&+ ♣♦++✐❜✐❧✐.%+ ✿







j ) i = 1, Np
0 < pi
✭✶✳✹✮
♦C Eij +♦♥. ❧❡+ ❝♦❡✣❝✐❡♥.+ +.N❝❤✐♦♠%.&✐;✉❡+ ❞❡+ &%❛❝.✐♦♥+ ❞❡ ♣&%❝✐♣✐.❛.✐♦♥✳







j ) i = 1, Np
0 = pi
✭✶✳✺✮














j ) ❡. 0 ≤ pi, i = 1, Np
✭✶✳✻✮
✶✳✸✳✶ ▼♦❞&❧❡ )✐♠♣❧✐✜. ❞❡ ♣/.❝✐♣✐1❛1✐♦♥✲❞✐))♦❧✉1✐♦♥
❉❛♥+ ✉♥ ♣&❡♠✐❡& .&❛✈❛✐❧✱ ♦♥ ✈❛ %.✉❞✐❡& ❧❡ ❝❛+ ♦C ❧❡ ♠✐♥%&❛❧ ❡+. ♣&%+❡♥. ❡. ❧❡ ✢✉✐❞❡








j , i = 1, Np
0 < pi, i = 1, Np
✭✶✳✼✮
✶✻ ❝❤❛♣✐%&❡ ✶
✶✳✸✳✷ ▼♦❞'❧❡ ❣+♥+-❛❧ ❞❡ ♣-+❝✐♣✐2❛2✐♦♥✲❞✐44♦❧✉2✐♦♥














j ) ❡0 0 ≤ pi, i = 1, Np
✭✶✳✽✮
❈❡ ♣*♦❜❧3♠❡ ❡%0 ❛♣♣❡❧) ✉♥ ♣*♦❜❧3♠❡ ❞❡ ❝♦♠♣❧)♠❡♥0❛*✐0) ✭?❈✮❬✹✶✱ ✷✸❪✳
❖♥ ✈❛ ❛♣♣❧✐F✉❡* ✉♥❡ ♠)0❤♦❞❡ F✉✐ )❧✐♠✐♥❡ ❧❡% ✐♥)❣❛❧✐0)% ❞❛♥% ✭✶✳✽✮✳ ?♦✉* ❝❡❧❛✱ ♦♥ ✈❛
0*♦✉✈❡* ✉♥❡ ❢♦♥❝0✐♦♥ ϕ F✉✐ ✈)*✐✜❡ ✿
ϕ(a, b) = 0 ⇐⇒ ab = 0 ❡0 a ≥ 0 ❡0 b ≥ 0 ✭✶✳✾✮
❈❡00❡ ❢♦♥❝0✐♦♥ %✬❛♣♣❡❧❧❡ ❢♦♥❝0✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧)♠❡♥0❛*✐0) ♦✉ ❈✲❢♦♥❝0✐♦♥✳
■❧ ② ❛ ♣❧✉%✐❡✉*% 0②♣❡% ❞❡ ❢♦♥❝0✐♦♥ ❞❡ ❝♦♠♣❧)♠❡♥0❛*✐0) ❝♦♠♠❡ ✿
✶✳ ▲❛ ❢♦♥❝0✐♦♥ ♠✐♥✐♠✉♠ ϕmin(a, b) = min(a, b) ❬✶✾✱ ✸✶❪✳
✷✳ ▲❛ ❢♦♥❝0✐♦♥ ❋✐%❝❤❡*✲❇✉*♠❡✐%0❡* ϕFB(a, b) =
√
a2 + b2 − a− b ❬✶✸❪✳
✸✳ ❋♦♥❝0✐♦♥ ❞✐✛)*❡♥0✐❡❧❧❡ ♣❛* ♠♦*❝❡❛✉① ❬✹✷❪✳







❖♥ *)%♦✉0 ❧❡ ♣*♦❜❧3♠❡ ❞✬)F✉✐❧✐❜*❡ ❝❤✐♠✐F✉❡ ♣❛* ✉♥❡ ♠)0❤♦❞❡ ❞❡ ◆❡✇0♦♥✳ ■❧ ❢❛✉0 *❡♠❛*✲
F✉❡* F✉❡ ❧❡ ❣*❛❞✐❡♥0 ❞❡ ϕ ♥✬❡%0 ♣❛% ❞)✜♥✐ ❞❡ ❢❛T♦♥ ✉♥✐F✉❡ ♣❛*0♦✉0✳ ▲❛ ❢♦♥❝0✐♦♥ ϕ ❢❛✐0
♣❛*0✐❡ ❞❡ ❧❛ ❝❧❛%%❡ ❞❡% ❢♦♥❝0✐♦♥% %❡♠✐%♠♦♦0❤✳
▲❛ ♠)0❤♦❞❡ ❞❡ ◆❡✇0♦♥ %❡♠✐%♠♦♦0❤ ❡%0 ❧✬❛♣♣❧✐❝❛0✐♦♥ ❞❡ ❧❛ ♠)0❤♦❞❡ ❞❡ ◆❡✇0♦♥ U ✉♥❡
❢♦♥❝0✐♦♥ %❡♠✐%♠♦♦0❤✱ ♦V U ❝❤❛F✉❡ )0❛♣❡ ❞❡ ◆❡✇0♦♥✱ ✉♥ )❧)♠❡♥0 F✉❡❧❝♦♥F✉❡ ❞✉ ❇✲%♦✉%✲
❞✐✛)*❡♥0✐❡❧ ❡%0 ✉0✐❧✐%) U ❧❛ ♣❧❛❝❡ ❞❡ ❧❛ ❥❛❝♦❜✐❡♥♥❡ ❝❧❛%%✐F✉❡✳




Πi(c) %✐ Πi(c) ≤ pi
pi %✐ Πi(c) > pi
✭✶✳✶✵✮








%✐ Πi(c) ≤ pi
0 %✐ Πi(c) > pi
✭✶✳✶✶✮







0 $✐ Πi(c) ≤ pi
1 $✐ Πi(c) > pi
✭✶✳✶✷✮








l=1 & l 6=j
c
Eil
l ❙✐ cj = 0 ❡# Eij = 1
0 ❙✐ cj = 0 ❡# Eij > 1 ♦✉ Eij = 0












✶✳✹ ▲♦✐& ❞❡ ❝♦♥&❡+✈❛.✐♦♥ ❞❡ ❧❛ ♠❛&&❡
=✉✐$9✉❡ ❧❡$ 0/❛❝#✐♦♥$ $♦♥# 4 ❧✬/9✉✐❧✐❜0❡✱ ♦♥ ♣❡✉# ❞/✜♥✐0 ❧❡$ ❝♦♥❝❡♥#0❛#✐♦♥$ #♦#❛❧❡$
♣♦✉0 ❝❤❛9✉❡ ❝♦♠♣♦$❛♥# ❬✾✱ ✸✼✱ ✷✾❪✳ ❈❡$ ❝♦♥❝❡♥#0❛#✐♦♥$ #♦#❛❧❡$ $❡ ❞/❝♦♠♣♦$❡♥# ❡♥ #♦#❛❧
❛9✉❡✉① Tc✱ ❡# #♦#❛❧ ✜①/ Ts ❡# $♦♥# ❡①♣0✐♠/❡$ ❞❡ ❢❛I♦♥ $✉✐✈❛♥#❡ ✿{
Tc(c, s, p) = c+ S
Tα(c) +ATβ(c, s) + ET p
Ts(c, s) = s+B
Tβ(c, s)
✭✶✳✶✹✮
♦+ α(c) ❡# β(c, s) $♦♥# ❞/✜♥✐$ ❞❛♥$ ❧✬/9✉❛#✐♦♥ ✭✶✳✸✮✳
▲❡$ ❧♦✐$ ❞❡ ❝♦♥$❡0✈❛#✐♦♥ ❞❡ ♠❛$$❡ $♦♥# ❛❧♦0$ /❝0✐#❡$ $♦✉$ ❧❛ ❢♦0♠❡ $✉✐✈❛♥#❡ ✿{
T = Tc(c, s, p)
W = Ts(c, s)
✭✶✳✶✺✮
♦+ ❚ ❡# ❲ $♦♥# ❞❡$ ❞♦♥♥/❡$ ❞✉ ♠♦❞O❧❡ ❝❤✐♠✐9✉❡✱ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥ $②$#O♠❡ ❢❡0♠/✳ =❛0
❝♦♥#0❡✱ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥ $②$#O♠❡ ♦✉✈❡0#✱ ❚ ❡# ❲ $♦♥# ❞❡$ ✈❛0✐❛❜❧❡$ ♦❜#❡♥✉❡$ ♣❛0 ❝♦✉♣❧❛❣❡
❛✈❡❝ ✉♥ ❛✉#0❡ ♠♦❞O❧❡✳
✶✳✹✳✶ ❙②%&'♠❡ ❝❤✐♠✐-✉❡
▲❡ $②$#O♠❡ ❝❤✐♠✐9✉❡ ❡$# ✉♥ $②$#O♠❡ ♥♦♥ ❧✐♥/❛✐0❡ ❞❡ (Nc+Ns+Np) /9✉❛#✐♦♥$ ❛✈❡❝ ❞❡$
❝♦♥#0❛✐♥#❡$✳ =♦✉0 ❧❡ ♠♦❞O❧❡ $✐♠♣❧✐✜/✱ ♦♥ $✉♣♣♦$❡ 9✉❡ ❧❡$ ❝♦♥❝❡♥#0❛#✐♦♥$ ❞❡$ ♠✐♥/0❛✉①
$♦♥# $#0✐❝#❡♠❡♥# ♣♦$✐#✐✈❡$ ✭pi > 0✮✱ ❝❡ 9✉✐ ❝♦♥❞✉✐# ❛✉ ♠♦❞O❧❡ ❝❤✐♠✐9✉❡ $✉✐✈❛♥# ✿

T − Tc(c, s, p) = 0







◆♦✉% ✉&✐❧✐%♦♥% ❧❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ ♣♦✉2 2,%♦✉❞2❡ ❝❡ ♣2♦❜❧5♠❡ ♥♦♥ ❧✐♥,❛✐2❡✱ ❡♥ %✉♣✲
♣♦%❛♥& 8✉❡ ❧❡ %②%&5♠❡ ❛ ✉♥❡ %♦❧✉&✐♦♥ ✉♥✐8✉❡ ❡& 8✉❡ ❧❛ ❏❛❝♦❜✐❡♥♥❡ ♥✬❡%& ♣❛% %✐♥❣✉❧✐52❡✳
▲❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ ❡%& ❛❞❛♣&,❡ ♣♦✉2 %❛&✐%❢❛✐2❡ ❧❡% ❝♦♥&2❛✐♥&❡%✳ @♦✉2 ❧❡ ♠♦❞5❧❡ ❣,✲
♥,2❛❧✐%,✱ ❧❡ ♠♦❞5❧❡ ❝❤✐♠✐8✉❡ ❡%& ❧❡ %✉✐✈❛♥& ✿


T − Tc(c, s, p) = 0
W − Ts(c, s) = 0






◆♦✉% ✉&✐❧✐%♦♥% ❧❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ %❡♠✐%♠♦♦&❤ ❛✈❡❝ ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ❝♦♠♣❧,♠❡♥&❛2✐&,
min✳ ❉♦♥❝ ❧❡ %②%&5♠❡ ✭✶✳✶✼✮ %✬,❝2✐& %♦✉% ❧❛ ❢♦2♠❡ %✉✐✈❛♥&❡ ✿


T − Tc(c, s, p) = 0
W − Ts(c, s) = 0






▲❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ ❡%& ❛❞❛♣&,❡ ♣♦✉2 %❛&✐%❢❛✐2❡ ❧❡% ❝♦♥&2❛✐♥&❡%✳
✶✳✺ ❏❛❝♦❜✐❡♥ ❞✉ -②-/0♠❡ ❝❤✐♠✐3✉❡
❉❛♥% ❝❡&&❡ ♣❛2&✐❡✱ ♥♦✉% ,❝2✐✈♦♥% ❞❡ ❢❛G♦♥ ❞,&❛✐❧❧,❡ ❧❛ ♠❛&2✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞✉ ♠♦❞5❧❡
❣,♥,2❛❧✐%,✳ ◆♦✉% ♦❜%❡2✈♦♥% 8✉❡ ❧❡ ❝❛❧❝✉❧ ❞❡% ❞,2✐✈,❡% ❞❡% ❡%♣5❝❡% %❡❝♦♥❞❛✐2❡% ❡%& ❛%%❡③
❝♦♠♣❧✐8✉,✳ ❊♥%✉✐&❡✱ ♥♦✉% ❛♥❛❧②%♦♥% ❧❡ ❝❛% ♣❛2&✐❝✉❧✐❡2 ❞✬✉♥ &2❛❝❡✉2 ❡& ♠♦♥&2♦♥% 8✉❡ ❧❛
❧✐❣♥❡ ❛%%♦❝✐,❡ ❞❛♥% ❧❛ ❏❛❝♦❜✐❡♥♥❡ ❡%& ❝❡❧❧❡ ❞❡ ❧✬✐❞❡♥&✐&,✳
▲❛ ❏❛❝♦❜✐❡♥♥❡ ❞✉ %②%&5♠❡ ✭✶✳✶✽✮ %✬,❝2✐& %♦✉% ❧❛ ❢♦2♠❡ %✉✐✈❛♥&❡ ✿





















▲❡% ❞,2✐✈,❡% ❞❡ ϕmin %♦♥& ❞,✜♥✐❡% ❞❛♥% ❧❛ %❡❝&✐♦♥ ✭✶✳✸✳✷✮ ❡& ❧❡% ❞,2✐✈,❡% ❞❡% ❝♦♥❝❡♥&2❛✲
&✐♦♥% &♦&❛❧❡% %♦♥& ❝❛❧❝✉❧,❡% N ♣❛2&✐2 ❞❡ ✭✶✳✶✹✮ ❡& ❞❡% ❞,2✐✈,❡% ❞❡% ❡%♣5❝❡% %❡❝♦♥❞❛✐2❡% α
❏❛❝♦❜✐❡♥ ❞✉ *②*,-♠❡ ❝❤✐♠✐0✉❡ ✶✾
❡# β✱ ❞♦♥❝
J(c, s, p) =















































, i = 1, ..., Nc, j = 1, ..., Ns
∂Tc,i
∂pj


















, i = 1, ..., Ns, j = 1, ..., Ns
✭✶✳✷✵✮








l=1 & l 6=j
c
Skl
l ❙✐ cj = 0 ❡# Skj = 1
0 ❙✐ cj = 0 ❡# Skj > 1 ♦✉ Skj = 0
























l ❙✐ cj = 0 ❡# Akj = 1
0 ❙✐ cj = 0 ❡# Akj > 1 ♦✉ Akj = 0





















l=1 & l 6=j
s
Bkl
l ❙✐ sj = 0 ❡% Bkj = 1
0 ❙✐ sj = 0 ❡% Bkj > 1 ♦✉ Bkj = 0








❈❡. ❝❛❧❝✉❧. .♦♥% ❛..❡③ ❝♦♠♣❧✐6✉7. ❡% ✐♠♣❧✐6✉❡♥% ❞❡. %❡.%.✳ ❊♥ ♣:❛%✐6✉❡✱ ❧❡ %❡.% c = 0 ❡.%
:❡♠♣❧❛❝7 ♣❛: c ≤ ε✱ ♦< ε ❡.% ✉♥❡ 6✉❛♥%✐%7 ✜①7❡ ♣:♦❝❤❡ ❞❡ ❧❛ ♣:7❝✐.✐♦♥ ♠❛❝❤✐♥❡✳
✶✳✺✳✶ ❈♦♠♣♦'❛♥* ❞❡ *②♣❡ *.❛❝❡✉.
❯♥❡ ❡.♣A❝❡ ❝❤✐♠✐6✉❡ ❡.% ✉♥ %:❛❝❡✉: .✬✐❧ ♥❡ :7❛❣✐% ♣❛. ❛✈❡❝ ❧❡. ❛✉%:❡. ❡.♣A❝❡. ✐✳❡
✶✳ ❙✐ ❧✬❡.♣A❝❡ ❝❤✐♠✐6✉❡ ❡.% ✉♥ ❝♦♠♣♦.❛♥% ❛6✉❡✉① ci✱ ❛❧♦:.

Ski = 0, k = 1, ..., Nα
Aki = 0, k = 1, ..., Nβ
Eji = 0, j = 1, ..., Np
✭✶✳✷✹✮
✷✳ ❙✐ ❧✬❡.♣A❝❡ ❝❤✐♠✐6✉❡ ❡.% ✉♥ ❝♦♠♣♦.❛♥% ✜①7 si✱ ❛❧♦:. ✿
Bki = 0, k = 1, ..., Nβ ✭✶✳✷✺✮
◆♦✉. ♠♦♥%:♦♥. 6✉❡ ❧❛ ♣:7.❡♥❝❡ ❞✬✉♥ %:❛❝❡✉: ♥❡ ♣❡:%✉:❜❡ ♣❛. ❧❛ 6✉❛❧✐%7 ❞✉ ❏❛❝♦❜✐❡♥✳
 !♦♣♦$✐&✐♦♥ ✶✳✶ ❙✐ ❧❡ $%❛❝❡✉% ❡)$ ✉♥ ❝♦♠♣♦)❛♥$ ❛.✉❡✉①✱ ❧❡) ❞2%✐✈2❡) ❛))♦❝✐2❡ 4 Tc,i












❆✐♥)✐✱ ❧❛ ❧✐❣♥❡ ❛))♦❝✐2❡ 4 Tc,i ❡)$ 2❣❛❧❡ 4 ❧❛ ❧✐❣♥❡ ❝♦%%❡)♣♦♥❞❛♥$❡ ❞❡ ❧❛ ♠❛$%✐❝❡ ✐❞❡♥$✐$2✳










❆✐♥)✐✱ ❧❛ ❧✐❣♥❡ ❛))♦❝✐2❡ 4 Ts,i ❡)$ 2❣❛❧❡ 4 ❧❛ ❧✐❣♥❡ ❝♦%%❡)♣♦♥❞❛♥$❡ ❞❡ ❧❛ ♠❛$%✐❝❡ ✐❞❡♥$✐$2✳
❱❛"✐❛❜❧❡' ❧♦❣❛"✐*❤♠✐-✉❡' ✷✶
 !❡✉✈❡ ✶✳✶ ◆♦✉# ❛♣♣❧✐(✉♦♥# ❧❛ ❞+✜♥✐-✐♦♥ ❞✬✉♥ -/❛❝❡✉/ ❞❛♥# ❧✬❡①♣/❡##✐♦♥ ✭✶✳✷✹ ❡- ✶✳✷✺✮
❡- ❧❡# ❞+/✐✈+❡# ❞❡# ❝♦♥❝❡♥-/❛-✐♦♥# -♦-❛❧❡# ❞❛♥# ❧✬❡①♣/❡##✐♦♥✭✶✳✷✵✮✳
❘❡♠❛!*✉❡ ✶✳✶ <✉✐#(✉❡ ❧❡ -/❛❝❡✉/ ♥❡ /+❛❣✐- ♣❛# ❛✈❡❝ ❧❡# ❛✉-/❡# ❡#♣>❝❡#✱ ♦♥ ♣❡✉- ❧✬❡♥❧❡✈❡/
❞✉ #②#->♠❡ ❝❤✐♠✐(✉❡✳ ❖♥ ❛ -♦✉- #✐♠♣❧❡♠❡♥- ci = Tc,i ♦✉ si = Ts,i✳
✶✳✻ ❱❛%✐❛❜❧❡* ❧♦❣❛%✐-❤♠✐0✉❡*
❊♥ $✉♣♣♦$❛♥) *✉❡ c > 0 ❡) s > 0✱ ♦♥ ♣❡✉) ❢❛✐/❡ ❧❡ ❝❤❛♥❣❡♠❡♥) ❞❡ ✈❛/✐❛❜❧❡ $✉✐✈❛♥) ✿
lc = log(c) ❡) ls = log(s)✳
❈❡))❡ ❢♦/♠❡ ❧♦❣❛/✐)❤♠✐*✉❡ ❡$) ✉)✐❧✐$;❡ ❞❛♥$ ♣❧✉$✐❡✉/$ ❧♦❣✐❝✐❡❧$ ❝♦♠♠❡ ❙=❊❈❨ ❬✾❪✱ ▼■◆✸=
❬✷✻✱ ✷✺❪✱ ❘❊❚❘❆❙❖ ❬✷✾❪✱ ❘■❈❍❨ ❬✷✵✱ ✷✸✱ ✷✶❪✱ ♣❛/❝❡ *✉❡ ❝❡))❡ ❢♦/♠❡ ❛$$✉/❡ ❧❛ ♣♦$✐)✐✈✐);
❞❡$ ❝♦♥❝❡♥)/❛)✐♦♥$✳ ❉❡ ♣❧✉$✱ ❝❡))❡ ❢♦/♠❡ ❢❛❝✐❧✐)❡ ❧❡$ ❝❛❧❝✉❧$ ❞❡$ ❞;/✐✈;❡$✱ ♣❛/❝❡ *✉✬❡❧❧❡
❧✐♥;❛/✐$❡ ❧❡$ ;*✉❛)✐♦♥$ ✿ ❛✉ ❧✐❡✉ ❞❡ ❝❛❧❝✉❧❡/ ❧❛ ❞;/✐✈;❡ ❞❡$ ♣/♦❞✉✐)$ ❡) ❞❡$ ♣✉✐$$❛♥❝❡$✱ ♦♥
❝❛❧❝✉❧❡ ❧❛ ❞;/✐✈;❡ ❞❡$ $♦♠♠❡$✳ ❆✈❡❝ ❝❡ ❝❤❛♥❣❡♠❡♥) ❞❡ ✈❛/✐❛❜❧❡✱ ♦♥ ♣❡✉) ;❝/✐/❡ ❧❡$ ❧♦✐$
❞✬❛❝)✐♦♥$ ❞❡ ♠❛$$❡ $♦✉$ ❧❛ ❢♦/♠❡ ❧♦❣❛/✐)❤♠✐*✉❡ $✉✐✈❛♥)❡ ✿


α(lc) = exp[ logKc + S
T lc]
β(lc, ls) = exp[ logKs + A
T lc+ BT ls] ✭✶✳✷✽✮
❊) ❧❛ ❧♦✐ ❞❡ ❝♦♥$❡/✈❛)✐♦♥ ❞❡ ♠❛$$❡ $♦✉$ ❧❛ ❢♦/♠❡ $✉✐✈❛♥)❡ ✿
{
Tc(lc, ls, p) = exp(lc) + S
Tα(lc) +ATβ(lc, ls) + ET p
Ts(lc, ls) = exp(ls) +B
Tβ(lc, ls) ✭✶✳✷✾✮
✶✳✻✳✶ ❙②%&'♠❡ ❝❤✐♠✐-✉❡ ❛✈❡❝ ❧♦❣❛4✐&❤♠❡%
=♦✉/ ❧❡ ♠♦❞S❧❡ $✐♠♣❧✐✜; ❧✬;*✉❛)✐♦♥ ❞❡ ♣/;❝✐♣✐)❛)✐♦♥✲❞✐$$♦❧✉)✐♦♥ $✬;❝/✐) $♦✉$ ❧❛ ❢♦/♠❡
$✉✐✈❛♥)❡ ✿ 

0 = logKp + E
T lc
0 < pi, i = 1, Np
✭✶✳✸✵✮
❙♦✐) ϕ(lc) = logKp + E
T lc✳ ❉♦♥❝ ❧❡ $②$)S♠❡ ❝❤✐♠✐*✉❡ $✬;❝/✐) ✿


T − exp(lc) + STα(lc) +ATβ(lc, ls) + ET p = 0
W − exp(ls) +BTβ(lc, ls) = 0
ϕ(lc) = 0
p > 0, c = exp(lc), s = exp(ls)
✭✶✳✸✶✮
❈❡ ♠♦❞S❧❡ $❛)✐$❢❛✐) ♣❛/ ❤②♣♦)❤S$❡ ❧❡$ ❝♦♥)/❛✐♥)❡$ $✉/ c ❡) s ♠❛✐$ ✐♥)❡/❞✐) *✉❡ ❧❡$ ❝♦♥❝❡♥✲
)/❛)✐♦♥$ $♦✐❡♥) ♥✉❧❧❡$✳
✷✷ ❝❤❛♣✐%&❡ ✶
✶✳✻✳✷ ❏❛❝♦❜✐❡♥ ❞✉ ♠♦❞/❧❡ 1✐♠♣❧✐✜4 ❛✈❡❝ ❧♦❣❛7✐8❤♠❡1
❉❛♥$ ❝❡''❡ $❡❝'✐♦♥✱ ♦♥ ♠♦♥',❡ ❧❛ ❢❛❝✐❧✐'/ ❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♠❛',✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ♠❛✐$ ❞❛♥$
❧❛ $❡❝'✐♦♥ $✉✐✈❛♥'❡✱ ♦♥ ❞/♠♦♥',❡ ❧❛ $✐♥❣✉❧❛,✐'/ ❞❡ ❝❡''❡ ♠❛',✐❝❡ 6✉❛♥❞ ❧❡$ ❝♦♥❝❡♥',❛'✐♦♥$
$♦♥' ♣,♦❝❤❡$ ❞❡ ✵✳
▲❛ ♠❛',✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❡$' ❝❛❧❝✉❧/❡ ❞❡ ❢❛=♦♥ ❛♥❛❧♦❣✉❡ > ❧❛ $❡❝'✐♦♥ ✭✶✳✺✮

















































































❖♥ ♣❡✉' (❝*✐*❡ ❧❡- ❞(*✐✈(❡- ❞❡- ❝♦♥❝❡♥'*❛'✐♦♥- ❞❡- ❡-♣2❝❡- -❡❝♦♥❞❛✐*❡- -♦✉- ❧❛ ❢♦*♠❡



















−❞✐❛❣(exp(lc))− ST ❞✐❛❣(α) S −AT ❞✐❛❣(β) A −AT ❞✐❛❣(β) B −E




✶✳✻✳✸ ❈♦♠♣♦(❛♥+ ❞❡ +②♣❡ +/❛❝❡✉/ ❛✈❡❝ ❧♦❣❛/✐+❤♠❡(
❉❛♥- ❝❡''❡ ♣❛*'✐❡✱ ♥♦✉- ❛♥❛❧②-♦♥-✱ ❝♦♠♠❡ ♣*(❝(❞❡♠♠❡♥'✱ ❧✬✐♠♣❛❝' ❞✬✉♥ '*❛❝❡✉* -✉*
❧❡ ❏❛❝♦❜✐❡♥✳ ◆♦✉- ♠♦♥'*♦♥- D✉❡ ❧❛ ♠❛'*✐❝❡ ❡-' ♣*♦❝❤❡ ❞❡ ❧❛ -✐♥❣✉❧❛*✐'( -✐ ❧❛ ❝♦♥❝❡♥'*❛'✐♦♥
❞✉ '*❛❝❡✉* ❡-' ♣*♦❝❤❡ ❞❡ ✵✳
 !♦♣♦$✐&✐♦♥ ✶✳✷ ❙♦✐# ci ✉♥ ❝♦♠♣♦)❛♥# ❛+✉❡✉① ❞❡ #②♣❡ #0❛❝❡✉0✳ ▲❡) ❞30✐✈3❡) ❛))♦❝✐3❡)





















❙✐ ❧❛ ❝♦♥❝❡♥#0❛#✐♦♥ ❞✬✉♥ #0❛❝❡✉0 ❡)# ♣0♦❝❤❡ ❞❡ ✵✱ ❧❛ ♠❛#0✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ❡)# ♣0♦❝❤❡ ❞❡ ❧❛
)✐♥❣✉❧❛0✐#3✳
✷✹ ❝❤❛♣✐%&❡ ✶
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